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FROM QUASI-HEREDITARY ALGEBRAS WITH EXACT BOREL
SUBALGEBRAS TO DIRECTED BOCSES
TOMASZ BRZEZIN´SKI, STEFFEN KOENIG, AND JULIAN KU¨LSHAMMER
Abstract. Up to Morita equivalence, every quasi-hereditary algebra is the dual algebra
of a directed bocs or coring. From the bocs, an exact Borel subalgebra is obtained. In
this paper a characterisation of exact Borel subalgebras arising in this way is given.
1. Introduction
The theorem of Poincare´, Birkhoff and Witt is a fundamental result in the representation
theory of semisimple complex Lie algebras g. When b is a Borel subalgebra of g and h a
Cartan subalgebra, then by the PBW theorem induction from b to g is an exact functor.
In particular, inducing up simple b-modules (which coincide with the simple h-modules)
yields the universal highest weight modules, the Verma modules. The relevant categorical
setup is the Bernstein–Gelfand–Gelfand category O, which decomposes into a direct sum
of blocks. Each block is equivalent to the module category of a quasi-hereditary algebra,
whose standard modules correspond to the Verma modules in the block.
An analogue of the PBW theorem has been established in [KKO14] for quasi-hereditary
algebras in general, thus also covering Schur algebras of reductive algebraic groups, heredi-
tary algebras and algebras of global dimension two, among many others. More precisely, it
has been shown that up to Morita equivalence every quasi-hereditary algebra has an exact
Borel subalgebra in the sense of [Koen95]. The construction given in [KKO14] is based
on describing the exact category of standardly filtered modules of a quasi-hereditary alge-
bra as the category of representations of a certain bocs (i.e. a “bimodule over a category
with coalgebra structure” [Roi79]) or coring (i.e. a comonoid in the monoidal category of
bimodules [Swe75]). This characterises quasi-hereditary algebras. The exact Borel sub-
algebras obtained by this construction have strong additional properties, which are not
present in other such algebras constructed in particular situations such as for category
O (in [Koen95]). In particular, induction preserves significant parts of cohomology and
Ringel duality becomes a construction on the directed bocs.
The aim of this article is to analyse and clarify the stronger properties of the exact Borel
subalgebras arising from the construction in [KKO14], and to show that these properties
are present exactly when the quasi-hereditary algebra Λ and the given exact Borel subalge-
bra B correspond to a directed bocs as in [KKO14]. More precisely, to the ring extension
B ⊆ Λ we associate the B-coring HomBop(Λ, B) and translate properties of this ring ex-
tension into properties of the corresponding coring. Subsequently we show that directed
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bocses necessarily correspond in this way to quasi-hereditary algebras with exact Borel
subalgebras. The first step, Theorem 2.5, translates properties such as Λ being a progen-
erator as right B-module into surjectivity of the counit of the B-coring HomBop(Λ, B) and
the existence of a group-like element. The second step, Theorem 2.13, relates invariance
of cohomology under induction with the kernel of the counit being projectivising. The
main result, Theorem 3.13, then gives the desired converse of the main result of [KKO14],
showing that the strong properties of the exact Borel subalgebra B imply that B ⊆ Λ
comes from a bocs as in [KKO14].
Notation. For a finite dimensional algebra B, the category of left B-modules is denoted
by modB, the category of right B-modules by modBop. A complete set of representatives
of the isomorphism classes of simple left B-modules is denoted by LB(1), . . . , LB(n). The
projective cover and injective hull of LB(i) are PB(i) and IB(i), respectively.
2. Rings and corings
In this section we recall the necessary terminology for bocses and corings and describe
how certain properties of ring extensions translate to the language of corings by taking the
dual.
Definition 2.1. Let B be an algebra. A B-coring is a B-B-bimodule W with a B-
B-bilinear coassociative comultiplication µ : W → W ⊗B W and a B-B-bilinear counit
ε : W → B, i.e. the following diagrams commute:
W W ⊗B W
W ⊗B W W ⊗B W ⊗B W
µ
µ µ⊗1
1⊗µ
and
W ⊗B B W ⊗B W B ⊗B W.
W
∼=
1⊗ε ε⊗1
∼=
µ
The pair (B,W ) is called a bocs.1
The reader is referred to [BW03] and [BSZ09] for comprehensive treatments of corings
and bocses. Bocses will arise in this article as duals of ring extensions. The following
proposition is well-known. A slightly more general statement can e.g. be found in [Kle84,
Theorem 1].
Proposition 2.2. Let B ⊆ Λ be a subring of a ring Λ such that Λ is finitely generated
projective as a right B-module. Let W := HomBop(Λ, B), and let
ψ : W ⊗B W −→ HomBop(Λ⊗B Λ, B)
be the map given by f⊗g 7→ f⊗g. Then, the map ψ is bijective and W is finitely generated
projective, when considered as a left B-module.
1Although it might not be a generally accepted practice, in order to stay aligned with the existing
literature both on representation theory and on Hopf algebras, we use both terms “coring” and “bocs”
in this text; coring refers to a bimodule (with a coassociative and counital comultiplication) over a fixed
algebra while bocs refers to a pair: algebra, bimodule (with a coassociative and counital comultiplication).
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Furthermore, W has the structure of a B-coring with counit given by the map
ε : HomBop(Λ, B) −→ B, f 7−→ f(1),
and comultiplication given by the unique map µ : W → W ⊗B W rendering commutative
the following diagram:
W HomBop(Λ, B)
W ⊗B W HomBop(Λ⊗B Λ, B) ,
µ HomBop (m,B)
ψ−1
where m is the multiplication map Λ⊗B Λ→ Λ.
In the theory of corings and bocses, two basic properties are that the counit is surjective,
and that the bocs is normal:
Definition 2.3. A bocs (B,W ) is called normal if there exists a group-like element in
the B-coring W , i.e. ω ∈ W such that µ(ω) = ω ⊗ ω and ε(ω) = 1.
Remark 2.4. • It is easy to see that normality implies that the counit is surjective.
The converse is not true in general.
• If B has no (left or right) zero divisors and ω 6= 0, then ε(ω) = 1 in fact follows
from µ(ω) = ω ⊗ ω, since the counitality implies that ε(ω) is an idempotent in B.
Our first result answers the question of when a ring extension gives rise to a bocs satis-
fying these special properties.
Theorem 2.5. Let B ⊆ Λ be a ring extension. Assume that Λ is finitely generated and
projective as a right B-module.
(i) The following statements are equivalent:
(1) The inclusion ι : B →֒ Λ splits as a map of right B-modules.
(2) Λ/ι(B) is projective as a right B-module.
(3) Λ is a projective generator as a right B-module.
(4) The counit of the right dual coring HomBop(Λ, B) is surjective.
(ii) The following statements are equivalent:
(1) There is a splitting of the inclusion ι : B →֒ Λ as right B-modules whose kernel
is a right ideal of Λ.
(2) The right dual coring HomBop(Λ, B) is normal.
Proof. (i) We start by showing that (1) and (2) are equivalent. Assume that (1) holds,
i.e. that the exact sequence 0→ B
ι
−→ Λ→ Λ/ι(B)→ 0 splits. In particular, Λ/ι(B)
is a direct summand of the projective right B-module Λ and thus is itself projective.
Therefore (2) holds. Conversely, the projectivity of Λ/ι(B) implies that the sequence
splits in the category of right B-modules.
That (1) implies (3) follows from the fact that Λ is a generator as a right B-module,
since B is a direct summand of Λ.
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The direction that (3) implies (4) uses parts of Morita theory. Recall that an
equivalent formulation of Λ being a generator over B is that the trace of Λ in B is
B, i.e. that B =
∑
g∈HomBop (Λ,B)
g(Λ), see e.g. [Lam99, Theorem 18.8]. In particular,
for every b ∈ B, there exist ai ∈ Λ and gi ∈ HomBop(Λ, B) such that
b =
∑
i
gi(ai) =
∑
i
gi(λai(1))
where λai denotes the right B-module endomorphism of Λ given by left multiplication
with ai. In particular, b = ε(
∑
i gi ◦ λai), and therefore the counit is surjective.
For the remaining direction (4) implies (1) observe that ε is surjective if and only
if HomBop(ι, B) is surjective as the following diagram commutes
W B
HomBop(Λ, B) HomBop(B,B).
ε
HomBop (ι,B)
∼=
Consider the exact sequence of right B-modules 0 → B
ι
−→ Λ → Λ/ι(B) → 0.
Applying HomBop(−, B) yields the long exact sequence
0 −→ HomBop(Λ/ι(B), B) −→HomBop(Λ, B)
HomBop (ι,B)
−−−−−−−→ HomBop(B,B)
−→ Ext1Bop(Λ/ι(B), B)→ Ext
1
Bop(Λ, B).
The last term of this sequence vanishes as Λ is projective as a right B-module. More-
over, HomBop(ι, B) is surjective. Therefore, Ext
1
Bop(Λ/ι(B), B) = 0 and the exact
sequence of right B-modules 0→ B
ι
−→ Λ→ Λ/ι(B)→ 0 splits.
(ii) This is proved in [Kle84, Theorem 3]. 
Example 2.6. For illustration, we provide non-instances of the preceding theorem.
(i) Let Λ = M2(k) and let B be the subalgebra of upper triangular matrices. Let
e2 = ( 1 00 0 ) ∈ B. Then
ΛB =
(
1 0
0 0
)
B ⊕
(
0 0
1 0
)
B ∼= (e2B)
⊕2
is finitely generated and projective as a right B-module but not a projective generator.
Thus, the counit of the corresponding coring is not surjective.
(ii) Let Λ = M2(k) and let B be the subalgebra of diagonal matrices. In this case
the algebra Λ is a projective generator over B. However, the corresponding coring
(described in [Roi79, p. 308]) is not normal.
Continuing the discussion on how to translate properties of bocses to properties of ring
extensions we consider the property that the kernel of the counit ε : W → B is a projective
bimodule (and the slightly weaker property of being projectivising in the sense of [BB91]).
We slightly altered the terminology in [BB91] by having a separate terminology for the two
properties.
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Definition 2.7. Let B be a ring. A B-B-bimodule U is called left projectivising if
U ⊗B X is projective as a left B-module for each X ∈ modB. Symmetrically, a bimodule
is called right projectivising if X ⊗B U is projective as a right B-module for each X ∈
modBop. A bimodule U is called projectivising if it is both left and right projectivising.
Any B-B-bimodule of the form
⊕
i,j Pi ⊗k Qj for a projective left module Pi and a
projective right module Qj is both left and right projectivising. Over a perfect field, a B-
B-bimodule is projective if and only if it is isomorphic to a direct summand of a module of
the above form. In particular, it is left and right projectivising. In this case, the following
proposition shows that also the converse holds.
Proposition 2.8 ([AR91, Theorem 3.1]). Let B be a finite dimensional algebra over a
perfect field k and let W be a B-B-bimodule such that W is projective as a right module
and W ⊗B (B/ rad(B)) is projective as a left module. Then, W is projective as a B-B-
bimodule. In particular, a right projective and left projectivising bimodule is projective as
a bimodule.
The next statement follows from the proof of [BB91, Lemma 3.6]. For convenience of
the reader we include the proof.
Lemma 2.9. Let B be a ring. A B-B-bimodule U that is projective as a right B-module
is left projectivising if and only if HomB(U,X) is injective for every left B-module X.
Proof. Let 0→ M1 → M2 → M3 → 0 be an exact sequence of left B-modules. Since U is
projective as a right B-module, also the sequence
(2.9.1) 0→ U ⊗B M1 → U ⊗B M2 → U ⊗B M3 → 0
is exact. Let X be a left B-module. Applying the functor HomB(−, X) to the above exact
sequence yields the exact sequence
(2.9.2)
0 −→ HomB(U ⊗B M3, X) −→ HomB(U ⊗B M2, X)
−→ HomB(U ⊗B M1, X) −→ Ext
1
B(U ⊗B M3, X).
Similarly, applying HomB(−,HomB(U,X)) to the given exact sequence yields the exact
sequence
(2.9.3)
0→ HomB(M3,HomB(U,X))→ HomB(M2,HomB(U,X))
→ HomB(M1,HomB(U,X))→ Ext
1
B(M3,HomB(U,X)).
Adjointness of tensor and Hom provides natural identifications of the three Hom-spaces
in the exact sequence (2.9.2) with those in the exact sequence (2.9.3). When U is left
projectivising, each sequence (2.9.1) and hence also (2.9.2) is split exact. Therefore the
corresponding part of the sequence (2.9.3) is split exact, too, and HomB(U,X) is injective
for every left B-module X . Conversely, injectivity of HomB(U,X) shows that (2.9.3) starts
with a split exact sequence and thus U is left projectivising. 
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Before stating which property of a subalgebra corresponds to the kernel of the counit
of the dual coring being projectivising we recall the notion of a right algebra from [BB91,
(1.1’)].
Definition 2.10. Let (B,W ) be a bocs. The right algebra R of W is the algebra
HomB(W,B)
op. Here, the product of s, t ∈ HomB(W,B) is given as the composition of the
following maps
W
µ
−→W ⊗B W
1⊗s
−−→ W ⊗B B
∼=
−→W
t
−→ B,
and the identity is ε.
Remark 2.11. As mentioned, the terminology is from the theory of bocses. The liter-
ature on corings calls this algebra the opposite algebra of the left dual algebra, see e.g.
[BW03]. That HomB(W,B) is an algebra for any B-coring W as in Definition 2.10 was
observed by Sweedler already in [Swe75, 3.2 Proposition]. The corresponding structure on
HomBop(W,B) is called the left algebra in the bocs literature or the right dual algebra in
the coring literature.
The following result from [BB91, (3.8)] translates the property of a bocs to have a
surjective counit to the language of ring extensions.
Lemma 2.12. Let (B,W ) be a bocs with surjective counit. Let W := ker ε be left pro-
jectivising and right projective. Let R be its right algebra. Then, the homomorphisms
ExtiB(M,N)→ Ext
i
R(R⊗BM,R⊗BN) induced by the induction functor are epimorphisms
for i = 1 and isomorphisms for i ≥ 2.
The main result of this section is the converse to Lemma 2.12. The proofs of the two
results follow the same lines.
Theorem 2.13. Let B ⊆ Λ be a subalgebra such that Λ is a projective generator for B as
a right B-module. Assume furthermore, that the homomorphisms
ExtiB(M,N)→ Ext
i
Λ(Λ⊗B M,Λ⊗B N)
induced by the induction functor are epimorphisms for i ≥ 1 and isomorphisms for i ≥ 2.
Let W = HomBop(Λ, B) be the right dual coring for Λ and define W := ker ε. Then W is
left projectivising.
Proof. By Theorem 2.5, W = HomBop(Λ, B) is a B-coring with surjective counit. Hence,
there is a short exact sequence of B-B-bimodules
0 −→W −→W −→ B −→ 0,
which splits as a sequence of left modules. Applying HomB(−, N) for a left B-module N
thus gives a short exact sequence
(2.13.1) 0 −→ N −→ HomB(W,N) −→ HomB(W,N) −→ 0 .
As Λ is finitely generated projective as a right B-module, there is an isomorphism
HomB(W,N) ∼= Λ⊗B N.
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Furthermore, by the Eckmann–Shapiro Lemma, see e.g. [BB91, (3.1)], the same assumption
yields isomorphisms
ExtiB(M,Λ⊗B N)
∼= ExtiΛ(Λ⊗B M,Λ⊗B N),
for all left B-modules M ,N . Applying HomB(M,−) to the exact sequence (2.13.1), using
these isomorphisms and denoting HomB(W,N) by I yields the long exact sequence
· · · −→ ExtiB(M,N) −→ Ext
i
Λ(Λ⊗B M,Λ⊗B N) −→ Ext
i
B(M, I) −→ . . .
The assumed epimorphism for i = 1 and isomorphisms for i ≥ 2 then imply ExtiB(M, I) =
0, for all i ≥ 1. Hence, I = HomB(W,N) is an injective module for all left B-modules N .
By Lemma 2.9, this is equivalent to ker ε being left projectivising. 
We finish this section by providing an example of a non-instance of the preceding theorem
from [KKO14, Appendix A.4].
Example 2.14. Let Λ be the path algebra of the quiver
2 3
1
α
β
δγ
with relations γδ = 0 = αβ. Then Λ has a subalgebra B given by the subquiver with
arrows α and γ, over which it is a projective generator as a right B-module. Then
0 = Ext1B(L(1), L(3)) but dimExt
1
B(Λ⊗B L(1),Λ⊗B L(3)) = 1.
3. Homological exact Borel subalgebras
In this section the results obtained in the previous section are applied to the setting
of quasi-hereditary algebras and exact Borel subalgebras. For further reading on quasi-
hereditary algebras we suggest the original articles [Sco87, CPS88] and the survey articles
[DR92, KK99]. We start by recalling these notions. Throughout this section assume that
k is a splitting field for Λ.
Definition 3.1. A finite dimensional algebra Λ is quasi-hereditary if there exist modules
∆(i), i ∈ {1, . . . , n} satisfying
(QH1) EndΛ(∆(i)) ∼= k.
(QH2) HomΛ(∆(i),∆(j)) 6= 0⇒ i ≤ j.
(QH3) Ext1Λ(∆(i),∆(j)) 6= 0⇒ i < j.
(QH4) ΛΛ ∈ F(∆), where F(∆) denotes the subcategory of all Λ-modules which can be
filtered by the ∆(i), i.e.
F(∆) = {M ∈ modΛ | ∃0 = M0 ⊆M1 ⊆ · · · ⊆Ms such that ∀t ∃it : Mt/Mt+1 ∼= ∆(it)}.
The modules ∆(i) are called the standard modules.
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Example 3.2. Examples of quasi-hereditary algebras include blocks of the Bernstein–
Gelfand–Gelfand category O, classical and quantised Schur algebras of reductive algebraic
groups and of symmetric groups and of Brauer algebras, and algebras of global dimension
smaller than or equal to two. For later use, we give an example of a monomial quasi-
hereditary algebra. It appeared in a previous version of [GS17]: Let Λ be the path algebra
of the quiver
3 4
1 2
a
c b
d
e
modulo the relations dc − ba, ae, eb. Its standard modules are given by ∆(1) = L(1),
∆(2) = L(2), ∆(3) =
3
1
, and ∆(4) =
4
2
. For further examples, see e.g. [DR92, KK99].
Remark 3.3. (i) Being quasi-hereditary can also be defined using a dual condition: An
algebra is quasi-hereditary if and only if there exist modules ∇(i), i ∈ {1, . . . , n}
satisfying
(QH1’) EndΛ(∇(i)) ∼= k.
(QH2’) HomΛ(∇(i),∇(j)) 6= 0⇒ i ≥ j.
(QH3’) Ext1Λ(∇(i),∇(j)) 6= 0⇒ i > j.
(QH4’) DΛ ∈ F(∇).
(ii) The ∆(i) and ∇(i) are uniquely determined (given the implicit order on the simple
modules). They can be defined as
∆(i) =
P (i)∑
g : P (j)→P (i)
j>i
Im g
and ∇(i) is the maximal submodule of I(i) all of whose composition factors are of
the form L(j) for j ≤ i. To check that an algebra is quasi-hereditary, one can also
check that (QH1) and (QH4) (or (QH1’) and (QH4’)) are satisfied for these explicitly
defined modules.
We recall the notion of an exact Borel subalgebra from [Koen95] and provide the new
notion of a homological exact Borel subalgebra which will be precisely the class of exact
Borel subalgebras giving rise to directed corings.
Definition 3.4. Let Λ be a quasi-hereditary algebra. A subalgebra B ⊆ Λ is called an
exact Borel subalgebra if its isomorphism classes of simple modules can be indexed by
the same indexing set {1, . . . , n} as the standard modules for Λ and
(B1) the algebra Λ is directed, i.e. it is quasi-hereditary with simple standard modules,
(B2) the algebra Λ is projective when considered as a right B-module,
(B3) the standard modules for Λ can be obtained as ∆Λ(i) = Λ⊗B LB(i).
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(H) If the subalgebra B furthermore has the property that the homomorphisms
ExtiB(M,N) −→ Ext
i
Λ(Λ⊗B M,Λ⊗B N)
induced by the induction functor are epimorphisms for i ≥ 1 and isomorphisms for
i ≥ 2, then B is called a homological exact Borel subalgebra.
(N) An exact Borel subalgebra is said to be normal if there is a splitting of the inclusion
ι : B →֒ Λ as right B-modules whose kernel is a right ideal of Λ.
(R) A normal exact Borel subalgebra is said to be regular if there are isomorphisms
ExtiB(LB(j), LB(k)) −→ Ext
i
Λ(Λ ⊗B LB(j),Λ ⊗B LB(k)) for all i ≥ 1 and all j, k
induced by the induction functor.
Remark 3.5. Note that for a normal exact Borel subalgebra being regular implies being
homological as can be seen from the long exact sequence of Ext-groups.
The main result of [KKO14] proves the existence of a regular homological exact Borel
subalgebra of every quasi-hereditary algebra up to Morita equivalence. The following
example gives one particular instance of this result:
Example 3.6. For the algebra in Example 3.2 the method given in [KKO14] produces an
exact Borel subalgebra of End(Λ ⊕ P (4)) which is isomorphic to the path algebra of the
quiver
3 2
4 1
d′
f ′
a′
e′
with relation d′f ′. More examples of exact Borel subalgebras can be found in [Koen95,
KKO14, BK18].
The following lemma is essential for applying Theorem 2.5 to deduce that the counit of
the dual coring is surjective.
Lemma 3.7. Let Λ be a quasi-hereditary algebra with exact Borel subalgebra B. Then Λ
is a projective generator for B as a right B-module.
Proof. By [Koen95, Theorem A], for an exact Borel subalgebra of a quasi-hereditary algebra
there is an isomorphism of B-modules ∇B(i) ∼= ∇Λ(i). By the dual definition of quasi-
hereditary using costandard modules, see Remark 3.3, DΛ is filtered by ∇Λ(i) with all
i appearing at least once. Since B is a quasi-hereditary algebra with simple standard
modules, the costandard modules ∇B(i) are injective. Therefore the filtration of DΛ by
costandard modules as a left B-module splits and DΛ is an injective cogenerator as a left
B-module as all ∇B(i) appear at least once in a direct sum decomposition. Applying
duality, it follows that Λ is a projective generator as a right B-module. 
We now recall the definition of a directed bocs and the main result of [KKO14].
10 TOMASZ BRZEZIN´SKI, STEFFEN KOENIG, AND JULIAN KU¨LSHAMMER
Definition 3.8. Let k be an algebraically closed field. A bocs (B,W ) is said to be
directed if B is directed, W = ker ε is a projective bimodule and every indecomposable
direct summand Bej ⊗k eiB of W satisfies i < j.
Theorem 3.9. Let k be an algebraically closed field. An algebra Λ is quasi-hereditary if
and only if it is Morita equivalent to the right algebra R of a directed bocs (B,W ). In this
case, B is an exact Borel subalgebra of R.
In [KKO14] it moreover has been shown that then the category of representations of
(B,W ) is equivalent as an exact category to the category F(∆) of Λ-modules with standard
filtrations. This description has been used by Bautista, Pe´rez and Salmero´n in [BPS17] to
establish the tame-wild dichotomy for the categories F(∆).
Before proving our main result, we recall the notion of regularity for normal bocses
which is part of the reduction algorithm used in the proof of Drozd’s tame-wild dichotomy
theorem. It is essentially due to Kleiner and Ro˘ıter [KR77], for the precise formulation see
[KM19, Proposition 3.11].
Proposition 3.10. Let B = (B,W ) be a normal bocs with group-like ω and projective
kernel W . Define ∂0 : B → W , by ∂0(a) = ωa − aω, and assume that there exists a ∈ B
such that ∂0(a) = λψ +
∑
i ciψibi with bi, ci ∈ B and ψ 6= ψi are generators of W and
0 6= λ ∈ k. Then, there is a bocs B˜ = (B˜, W˜ ) with B˜ = B/(a) and W˜ = B˜⊗BW/(ψ)⊗B B˜
such that the following statements hold:
(i) There is an equivalence of categories modB ∼= mod B˜.
(ii) If B = (B,W ) is directed, then B˜ = (B˜, W˜ ) is directed.
(iii) The right algebra of B is Morita equivalent to the right algebra of B˜.
Definition 3.11. A bocs B is said to be regular if Proposition 3.10 cannot be applied
anymore, that is, no a exists with the required property.
The following result was stated by Ovsienko in unpublished notes. A proof can be found
in [KM19, Lemma 5.3].
Lemma 3.12. Let B = (B,W ) be a directed normal bocs with right algebra R. Then the
following conditions are equivalent:
(1) B is regular.
(2) Ext1B(L,L)→ Ext
1
R(∆,∆) is an isomorphism.
Here, L is a complete sum of representatives of simple B-modules and ∆ is a complete
sum of representatives of standard R-modules.
We are now ready to prove the main result of this article.
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Theorem 3.13. Let k be an algebraically closed field. Then there is a one-to-one corre-
spondence:
{quasi-hereditary algebras with (normal) homological exact Borel subalgebra}
{directed (normal) bocses},
1−1
which restricts to a one-to-one correspondence:
{quasi-hereditary algebras with regular homological exact Borel subalgebra}
{regular directed bocses}.
1−1
Proof. The upwards map is given by sending a directed bocs to its right algebra R =
HomB(W,B)
op. That it is well-defined was proved in [KKO14]. For the map in the other
direction note that by Lemma 3.7 the algebra Λ is a projective generator for B. Thus,
HomBop(Λ, B) is a B-coring with surjective counit. Furthermore, Theorem 2.13 shows that
W := ker ε is projectivising. Since the ground field is assumed to be algebraically closed, in
particular perfect, Proposition 2.8 implies that W is a projective bimodule and hence is a
direct sum of bimodules of the form Bei⊗kejB. By the definition of exact Borel subalgebra,
B is directed. It remains to prove that, for each summand Bei ⊗k ejB of HomBop(Λ, B),
the inequality i > j holds. Suppose that this is not the case, i.e. i ≤ j. Note that
Homk(LB(j), LB(i)) ∼= LB⊗kBop((j, i)), the simple module corresponding to the indecom-
posable projective bimodule Bej ⊗k eiB. Applying HomB⊗kBop(−,Homk(L(i), L(j))) to
the exact sequence 0→W →W → B → 0 yields the long exact sequence
0→ HomB⊗kBop(B,Homk(L(j), L(i)))→ HomB⊗kBop(W,Homk(L(j), L(i)))
→ HomB⊗kBop(W,Homk(L(j), L(i)))→ Ext
1
B⊗kBop
(B,Homk(L(j), L(i)))
։ Ext1B⊗kBop(W,Homk(L(j), L(i))).
(3.13.1)
Using that ExtsB⊗kBop(B,Homk(L(j, L(i)))
∼= ExtsB(L(j), L(i)) for s = 0, 1, the fact that
ExtsB⊗kBop (W,Homk (L(j), L(i)))
∼= ExtsΛ(∆(j),∆(i)),
for s = 0, 1, see e.g. [KM19, Section 4], and the fact that B is directed, and therefore
Ext1B(L(j), L(i)) = 0 for j ≥ i, the long exact sequence (3.13.1) can be rewritten to
obtain the exact sequence
(3.13.2)
0 −→ HomB(L(j), L(i)) −→ HomΛ(∆(j),∆(i))
−→ HomB⊗kBop(W,Homk(L(j), L(i))) −→ 0 .
In particular, a summand Bei ⊗k ejB of W gives rise to a non-isomorphism from ∆(j)
to ∆(i). As Λ is quasi-hereditary, this is impossible for j ≥ i. Regularity follows from
Lemma 3.12. The two constructions are inverses to each other by the dual coring theorem
[Swe75, 3.7]; see [BW03, 17.11]. 
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The following example provides two instances of exact Borel subalgebras which are not
homological, respectively homological but not regular.
Example 3.14. (i) As explained in [KKO14, Appendix A.4], in the case of the algebra
of Example 2.14, there is an extension between ∆(1) and ∆(3) which does not come
from an extension of LB(1) and LB(3).
(ii) As explained before, examples of non-regular exact Borel subalgebras correspond to
non-regular bocses. An example was given in [KKO14, Appendix A.2] where the
quasi-hereditary algebra is Λ = k×M2(k) and
B =
{
(a,
(
a b
0 c
)
)|a, b, c ∈ k
}
,
which is an exact Borel subalgebra coming from a non-regular (normal) bocs.
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